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ENERGY DECAY FOR EVOLUTION EQUATIONS
WITH DELAY FEEDBACKS
VILMOS KOMORNIK AND CRISTINA PIGNOTTI
Abstract. We study abstract linear and nonlinear evolutionary
systems with single or multiple delay feedbacks, illustrated by sev-
eral concrete examples. In particular, we assume that the opera-
tor associated with the undelayed part of the system generates an
exponentially stable semigroup and that the delay damping coef-
ficients are locally integrable in time. A step by step procedure
combined with Gronwall’s inequality allows us to prove the exis-
tence and uniqueness of solutions. Furthermore, under appropriate
conditions we obtain exponential decay estimates.
1. Introduction
First we consider the evolution equation
(1.1)


U ′(t) = AU(t) + k(t)BU(t− τ) in (0,∞),
U(0) = U0,
BU(t− τ) = f(t) for t ∈ (0, τ),
where A generates an exponentially stable semigroup (S(t))t≥0 in a
Hilbert space H , B is a continuous linear operator of H into itself,
k : [0,∞) → R is a function belonging to L1loc([0,∞);R), and τ > 0
is a delay parameter. The initial data U0 and f are taken in H and
C([0, τ ];H), respectively. By the assumptions on the operator A there
exist two numbers M,ω > 0 such that
(1.2) ‖S(t)‖ ≤Me−ωt for all t ≥ 0.
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Time delay effects often appear in applications to physical models, and
it is well-known ([3, 5]) that they can induce instability phenomena.
We are interested in showing that under some mild assumptions on
τ, k, the operator B and the constants M,ω the system (1.1) is still
exponentially stable.
Stability results for the above abstract model have been recently ob-
tained in [12, 13] but only for a constant delay feedback coefficient k.
In these papers some nonlinear extensions are also considered. The
arguments of [12, 13] could be easily extended to k(·) ∈ L∞ with suf-
ficiently small ‖k‖∞. Recently, motivated by some applications, L
1
loc
damping coefficients k have been considered, for instance of intermit-
tent type (see [8, 15, 6]), and stability estimates have been obtained
for some particular models. Here, our aim is to give a well-posedness
result and an exponential decay estimate for the general model (1.1)
with a damping coefficient k belonging only to L1loc.
As a non-trivial generalization, next we consider the case of multiple
time-varying delays. Namely, let τi : [0,+∞) → (0,+∞), i = 1, . . . , l,
be the time delays functions belonging to W 1,∞(0,+∞). We assume
for each i = 1, . . . , l, that
(1.3) 0 ≤ τi(t) ≤ τ i
and
(1.4) τ ′i(t) ≤ ci < 1.
for a.e. t > 0, with suitable constants τ i and ci. It follows from (1.4)
that
(t− τi(t))
′ = 1− τ ′i(t) > 0, a.e. t > 0,
for a.e. t > 0, and hence
t− τi(t) ≥ −τi(0) for all t ≥ 0.
Therefore, setting
(1.5) τ ∗ := max
i=1,...,l
{τi(0)}
we may consider the following abstract model:
(1.6)


U ′(t) = AU(t) +
∑l
i=1 ki(t)BiU(t− τi(t)) in (0,∞),
U(0) = U0,
BiU(t) = fi(t) for t ∈ [−τ
∗, 0],
where the operator A, as before, generates an exponentially stable semi-
group (S(t))t≥0 in a Hilbert space H , and for each i = 1, . . . , l, Bi is
a continuous linear operator of H into itself, ki : [0,∞) → R belongs
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to L1loc([0,+∞);R), and τi is a variable time delay. Under some mild
assumptions on the involved functions and parameters we will establish
the well-posedness of the problem (1.6), and we will obtain exponential
decay estimates for its solutions.
The nonlinear version of previous model
(1.7)


U ′(t) = AU(t) +
∑l
i=1 ki(t)BiU(t− τi(t)) + F (U(t))
in (0,∞),
U(0) = U0,
BiU(t) = fi(t) for t ∈ [−τ
∗, 0],
is also analyzed under some Lipschitz continuity assumption on the
nonlinear function F. Exponential decay of the energy is obtained for
small initial data under a suitable well-posedness assumption. A quite
general class of examples satisfying our abstract setting is exhibited.
The paper is organized as follows. In Sections 2 and 3 we prove the
well-posedness and the exponential decay estimate for the model (1.1)
with a single constant time delay. Next, in Section 4 we analyze the
more general system (1.6) with multiple time-varying time delays. The
nonlinear abstract model (1.7) is studied in Section 5, where we give
an exponential decay estimate for small initial data. Finally, in Section
6 we give some applications of our abstract results to concrete models.
2. Single constant delay: well-posedness
The following well-posedness result holds true.
Proposition 2.1. Given U0 ∈ H and a continuous function f : [0, τ ]→
H, the problem (1.1) has a unique (weak) solution given by Duhamel’s
formula
(2.1) U(t) = S(t)U0 +
∫ t
0
k(s)S(t− s)BU(s− τ) ds for all t ≥ 0.
Proof. We proceed step by step by working on time intervals of length
τ. First we consider t ∈ [0, τ ]. Setting G1(t) = k(t)BU(t− τ), t ∈ [0, τ ]
we observe that G1(t) = k(t)f(t), t ∈ [0, τ ]. Then, problem (1.1) can
be rewritten, in the time interval [0, τ ], as a standard inhomogeneous
evolution problem:
(2.2)
{
U ′(t) = AU(t) +G1(t) in (0, τ),
U(0) = U0.
Since k ∈ L1loc([0,∞);R) and f ∈ C([0, τ ];H), we have that G1 ∈
L1((0, τ);H). Therefore, applying [14, Corollary 2.2] there exists a
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unique solution U ∈ C([0, τ ];H) of (2.2) satisfying Duhamel’s formula
U(t) = S(t)U0 +
∫ t
0
S(t− s)G1(s)ds, t ∈ [0, τ ]
and hence
U(t) = S(t)U0 +
∫ t
0
k(s)S(t− s)BU(s− τ)ds, t ∈ [0, τ ].
Next we consider the time interval [τ, 2τ ]. Setting G2(t) =k(t)BU(t−τ)
we observe that U(t − τ) is known for t ∈ [τ, 2τ ] from the first step.
ThenG2 is a known function and it belongs to L
1((τ, 2τ);H). So we can
rewrite our model (1.1) in the time interval [τ, 2τ ] as the inhomogeneous
evolution problem
(2.3)
{
U ′(t) = AU(t) +G2(t) in (τ, 2τ),
U(τ) = U(τ−).
By the standard theory of abstract Cauchy problems we have a
unique continuous solution U : [τ, 2τ)→ H satisfying
U(t) = S(t− τ)U(τ−) +
∫ t
τ
S(t− s)G2(s)ds, t ∈ [τ, 2τ ],
and hence
U(t) = S(t− τ)U(τ−) +
∫ t
τ
k(s)S(t− s)BU(s− τ)ds, t ∈ [τ, 2τ ].
Putting together the partial solutions obtained in the first and second
steps we get a unique continuous solution U : [0, 2τ ] → R satisfying
Duhamel’s formula
U(t) = S(t)U0 +
∫ t
0
k(s)S(t− s)BU(s− τ)ds, t ∈ [0, 2τ ].
Iterating this argument we find a unique solution U ∈ C([0,∞);H)
satisfying the representation formula (2.1). 
3. Single constant delay: exponential stability
It follows from Duhamel’s formula (2.1) that
(3.1)
eωt ‖U(t)‖ ≤M ‖U0‖+Me
ωτ
∫ τ
0
|k(s)| eω(s−τ) ‖f(s)‖ ds
+M ‖B‖ eωτ
∫ t
τ
|k(s)| eω(s−τ) ‖U(s− τ)‖ ds
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for all t ≥ 0. Setting
u(t) := eωt ‖U(t)‖ ,
α := M ‖U0‖+Me
ωτ
∫ τ
0
|k(s)| eω(s−τ) ‖f(s)‖ ds
and
β(t) := M ‖B‖ eωτ |k(t + τ)|
we may rewrite (3.1) in the form
u(t) ≤ α +
∫ t−τ
0
β(s)u(s) ds for all t ≥ 0.
Since β ≥ 0 and u ≥ 0, it follows that
u(t) ≤ α +
∫ t
0
β(s)u(s) ds for all t ≥ 0.
Applying Gronwall’s inequality we conclude that
u(t) ≤ αe
∫ t
0
β(s) ds for all t ≥ 0,
i.e.,
(3.2) ‖U(t)‖ ≤ αe
∫ t
0
β(s) ds−ωt for all t ≥ 0.
This estimate yields the following result:
Theorem 3.1. Assume that there exist two constants ω′ ∈ (0, ω) and
γ ∈ R such that
(3.3) M ‖B‖ eωτ
∫ t
0
|k(s+ τ)| ds ≤ γ + ω′t for all t ≥ 0.
Then there exists a constant M ′ > 0 such that the solutions of (1.1)
satisfy the estimate
(3.4) ‖U(t)‖ ≤M ′e−(ω−ω
′)t for all t ≥ 0.
Proof. Using our previous notation β(s) = M ‖B‖ eωτ |k(s+ τ)| we
have ∫ t
0
β(s) ds− ωt ≤ γ − (ω − ω′)t for all t ≥ 0.
Combining this with (3.2) the estimate (3.4) follows with M ′ := αeγ.

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Remark. The hypothesis (3.3) is satisfied, in particular, if the feedback
coefficient k belongs to L∞(0,∞) and
M ‖B‖ · ‖k‖∞ e
ωτ < ω.
It is also satisfied if k ∈ L1(0,∞) or, more generally, if k = k1 + k2
with k1 ∈ L
1(0,∞) and k2 ∈ L
∞(0,∞) with a sufficiently small norm
‖k2‖∞. Thus Proposition 3.1 extends the results obtained in [13], in
the linear setting, for constant k.
4. Time variable delays
Let us now consider the model (1.6) with multiple time varying de-
lays. First, we study its well-posedness.
Theorem 4.1. Given U0 ∈ H and continuous functions fi : [−τ
∗, 0]→
H, i = 1, . . . , l, the problem (1.6) has a unique (weak) solution given
by Duhamel’s formula
(4.1) U(t) = S(t)U0 +
∫ t
0
S(t− s)
l∑
i=1
ki(s)BiU(s− τi(s)) ds,
for all t ≥ 0.
Proof. First we consider the case with time delays functions τi(·) bounded
from below by some positive constants, i.e., there exists for each i =
1, . . . , l a constant τ i > 0 such that
τi(t) ≥ τ i for all t ≥ 0.
Then we may argue step by step, as in the proof of Proposition 2.1, by
restricting ourselves each time to a time interval of length
τmin := min {τ i : i = 1, . . . , l} > 0.
Indeed, we infer from the assumption (1.3) that
t− τi(t) ≤ t− τ i ≤ t− τmin
for all t ≥ 0 and i = 1, . . . , l. Therefore, if t ∈ [kτmin, (k+1)τmin], then
t− τi(t) ≤ kτmin for all i = 1, . . . , l.
Now, we pass to the general case. For each fixed positive number
ǫ ≤ 1 we set
(4.2) τ ǫi (t) := τi(t) + ǫ, t ≥ 0, i = 1, . . . , l.
Moreover, we extend the initial data fi to continuous functions f˜i :
[−τ ∗ − 1, 0]→ H with the constant τ ∗ defined in (1.5).
Since τ ǫi (t) ≥ ǫ > 0 for all t and i, the corresponding model (1.6)
with initial data U0, f˜i and time delay functions τ
ǫ
i (·) has a unique
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solution Uǫ(·) ∈ C[0,+∞) → H satisying the representation formula
(4.1).
Now consider two positive parameters ǫ1, ǫ2 ≤ 1. Since Uǫ1(·) and
Uǫ2(·) satisfy (4.1), we have
Uǫ1(t)− Uǫ2(t) =∫ t
0
S(t− s)
l∑
i=1
ki(s) [BiUǫ1(s− τ
ǫ1
i (s))−BiUǫ2(s− τ
ǫ2
i (s))] ds
and hence
Uǫ1(t)− Uǫ2(t) =∫ t
0
S(t− s)
l∑
i=1
ki(s) [BiUǫ1(s− τ
ǫ1
i (s))− BiUǫ2(s− τ
ǫ1
i (s))] ds
+
∫ t
0
S(t− s)
l∑
i=1
ki(s) [BiUǫ2(s− τ
ǫ1
i (s))−BiUǫ2(s− τ
ǫ2
i (s))] ds.
It follows that
(4.3) eωt‖Uǫ1(t)− Uǫ2(t)‖ ≤M(I1 + I2)
with
I1 :=
l∑
i=1
∫ t
τ
ǫ1
i (0)
e−ωs|ki||Bi‖ ‖Uǫ1(s− τ
ǫ1
i (s))− Uǫ2(s− τ
ǫ1
i (s))‖ ds
and
I2 :=
l∑
i=1
∫ t
0
e−ωs|ki|‖Bi‖ ‖BiUǫ2(s− τ
ǫ1
i (s))−BiUǫ2(s− τ
ǫ2
i (s))‖ ds.
Using the changes of variable
s− τ ǫ1i (s) = σ
in the integrals in the sum I1 and using the notation
(4.4) ϕi(s) := s− τi(s) = ǫ1 + σ
we obtain the estimate
(4.5) I1 ≤
l∑
i=1
eω(τ i+1)
1− ci
‖Bi‖
∫ t
0
eωs|ki(ϕ
−1
i (s+ ǫ1)|‖Uǫ1(s)−Uǫ2(s)‖ ds.
Furthermore, since Uǫ2(·) ∈ C([0,+∞);H) is locally uniformly con-
tinuous and
τ ǫ1i (t)− τ
ǫ2
i (t) = ǫ1 − ǫ2
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for all t and i, we have for every fixed T > 0 the estimate
(4.6) I2 ≤ C(T ; ǫ1 − ǫ2),
with a constant C(T ; ǫ1 − ǫ2) tending to zero as ǫ1 − ǫ2 → 0.
Using (4.5) and (4.6) in (4.3) and applying Gronwall’s Lemma for
each fixed T > 0, we conclude that for ǫ → 0 the functions Uǫ(·)
converge locally uniformly to a function U ∈ C([0,+∞);H) which
satisfies (4.1). This completes the proof. 
Under an appropriate relation between the problem’s parameters the
system (1.6) is exponentially stable:
Theorem 4.2. Assume that there exist two constants ω′ ∈ (0, ω) and
γ ∈ R such that
(4.7) M
l∑
i=1
eωτ i
1− ci
‖Bi‖
∫ t
0
∣∣ki(ϕ−1i (s))∣∣ ds ≤ γ + ω′t for all t ≥ 0.
Then there exists a constant M ′ > 0 such that the solutions of (1.6)
satisfy the estimate
(4.8) ‖U(t)‖ ≤M ′e−(ω−ω
′)t for all t ≥ 0.
Proof. It follows from Duhamel’s formula (4.1) that
eωt ‖U(t)‖ ≤M ‖U0‖+M
l∑
i=1
∫ t
0
eωs|ki(s)| ‖BiU(s− τi)‖ ds
≤M ‖U0‖+M
l∑
i=1
eωτ i
∫ t
0
eω(s−τi(s))|ki(s)| ‖BiU(s− τi)‖ ds
for all t ≥ 0.
Now we make the change of variable ϕi(s) := s− τi(s) = σ for every
i = 1, . . . , l. Note that the functions ϕi(·) are invertible by (1.4). We
have the estimates
∫ t
0
eω(s−τi(s))|ki(s)| ‖BiU(s− τi)‖ ds
≤
1
1− ci
∫ t−τi(t)
−τi(0)
eωσ|ki(ϕ
−1
i (σ)| ‖BiU(σ)‖ dσ
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and hence
eωt ‖U(t)‖ ≤ M ‖U0‖+M
l∑
i=1
eωτ i
1− ci
∫ 0
−τi(0)
eωs|ki(ϕ
−1
i (s))| ‖fi(s)‖ ds
+M
l∑
i=1
eωτ i
1− ci
∫ t
0
eωs|ki(ϕ
−1
i (s))| ‖Bi‖ ‖U(s)‖ ds
for all t ≥ 0. Setting u˜(t) := eωt ‖U(t)‖ and
(4.9) α˜ := M
(
‖U0‖+
l∑
i=1
eωτ i
1− ci
∫ 0
−τi(0)
eωs|ki(ϕ
−1
i (s))| ‖fi(s)‖ ds
)
,
(4.10) β˜(t) = M
l∑
i=1
eωτ i
1− ci
|ki(ϕ
−1
i (s))|‖Bi‖,
we may rewrite the above estimate in the form
u˜(t) ≤ α˜ +
∫ t
0
β˜(s)u˜(s) ds for all t ≥ 0.
Applying Gronwall’s inequality we conclude that
u˜(t) ≤ α˜e
∫ t
0
β˜(s) ds for all t ≥ 0,
i.e.,
(4.11) ‖U(t)‖ ≤ αe
∫ t
0
β˜(s) ds−ωt for all t ≥ 0.
Now we can conclude as in the proof of Proposition 3.1 provided that
(4.7) is satisfied. 
Remark. The hypothesis (4.7) is satisfied in particular if the feedback
coefficients ki, i = 1, . . . , l, belong to L
∞(0,+∞) and
M
l∑
i=1
eωτ i
1− ci
‖Bi‖ ‖ki‖∞ < ω.
It is also satisfied if ki(ϕ
−1
i (·)) ∈ L
1(0,+∞), i = 1, . . . , l, or, more
generally if ki◦ϕ
−1
i = k
1
i+k
2
i with k
1
i ∈ L
1(0,+∞) and k2i ∈ L
∞(0,+∞)
with sufficiently small norms ‖k2i ‖∞.
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5. A nonlinear model
We now consider the nonlinear model (1.7), where the operator A,
as before, generates an exponentially stable semigroup (S(t))t≥0 in a
Hilbert space H , and for each i = 1, . . . , l,
• Bi is a continuous linear operator of H into itself,
• ki ∈ L
1
loc([0,+∞);R),
• τi is a variable time delay satisfying (1.3) and (1.4),
• fi ∈ C([−τ
∗, 0];H) with τ ∗ defined in (1.5).
Furthermore, the nonlinear function F satisfies some local Lipschitz
assumption as precised below.
We will prove an exponential stability result for small initial data
under a suitable well-posedness assumption. Then, we will give a class
of examples for which this assumption is satisfied.
Concerning F we assume that F (0) = 0, and that the following local
Lipschitz condition is satisfied: for each constant r > 0 there exists a
constant L(c) > 0 such that
(5.1) ‖F (U)− F (V )‖H ≤ L(r) ‖U − V ‖H
whenever ‖U‖H ≤ r and ‖V ‖H ≤ r.
Furthermore, we assume tha the system is well posed in the following
sense:
Well posedness assumption. There exist two constants ω′ ∈ (0, ω) and
γ ∈ R such that (4.7) is satisfied. Furthermore, there exist two positive
constants ρ and Cρ with L(Cρ) <
ω−ω′
M
such that if U0 ∈ H and fi ∈
C([0, τ ∗];H) for i = 1, . . . , l satisfy the inequality
(5.2) ‖U0‖
2
H +
l∑
i=1
∫ τ∗
0
|ki(s)| · ‖fi(s)‖
2
H ds < ρ
2,
then (1.7) has a unique solution U ∈ C([0,+∞);H) satisfying ‖U(t)‖ ≤
Cρ for all t > 0.
Theorem 5.1. Under the above well-posedness assumption, there ex-
ists a constant M˜ > 0 such that all these solutions satisfy the estimate
‖U(t)‖ ≤ M˜e−(ω−ω
′−ML(Cρ))t for all t ≥ 0.
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Proof. By Duhamel’s formula (4.1) we have
eωt ‖U(t)‖ ≤ M ‖U0‖+M
l∑
i=1
eωτ i
∫ t
0
eω(s−τi(s)) |ki(s)|·‖BiU(s− τi)‖ ds
+ML(Cρ)
∫ t
0
eωs ‖U(s)‖ ds
for all t ≥ 0.
Now, as before, we make the change of variable ϕi(s) := s−τi(s) = σ
for every i = 1, . . . , l to get the estimate
eωt ‖U(t)‖ ≤ M ‖U0‖+M
l∑
i=1
eωτ i
1− ci
∫ 0
−τi(0)
eωs|ki(ϕ
−1
i (s))| ·‖fi(s)‖ ds
+M
l∑
i=1
eωτ i
1− ci
∫ t
0
eωs|ki(ϕ
−1
i (s))| · ‖Bi‖ · ‖U(s)‖ ds
+ML(Cρ)
∫ t
0
eωs ‖U(s)‖ ds
for all t ≥ 0. Setting u˜(t) = eωt‖U(t)‖ we may rewrite it in the form
u˜(t) ≤ α˜ +
∫ t
0
β˜(s)u˜(s) ds+ML(Cρ)
∫ t
0
u˜(s) ds for all t ≥ 0,
where α˜, β˜ are defined as in (4.9) and (4.10). Applying Gronwall’s
inequality we conclude that
u˜(t) ≤ α˜e
∫ t
0 [β˜(s)+ML(Cρ)] ds for all t ≥ 0,
i.e.,
(5.3) ‖U(t)‖ ≤ α˜e
∫ t
0
β˜(s) ds+ML(Cρ)t−ωt for all t ≥ 0.
Now we can conclude as in the proof of Theorem 3.1 provided that
(4.7) is satisfied. 
Now we consider a class of examples for which the above well-posedness
assumption is satisfied.
Let W be a real Hilbert space and A0 : D(A0) → W a positive self-
adjoint operator with a compact inverse in W . We denote by W˜ :=
D(A
1/2
0 ) the domain of the operator A
1/2
0 . Furthermore, let W0, . . . ,Wl
be real Hilbert spaces and C :W0 →W, Di : W →Wi, bounded linear
operators such that
(5.4) ‖D∗i u‖
2
Wi
≤ di‖u‖
2
W
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and
(5.5) a‖u‖2Wi ≤ ‖C
∗u‖2W0
for all u ∈ W and i = 1, . . . , l, with suitable positive constants di and
a.
Furthermore, let Ψ : W˜ → R be a functional having a Gaˆteaux
derivative DΨ(u) in every u ∈ Wˆ . In the same spirit as in [1], we
assume the following:
(i) For every u ∈ W˜ there is a constant c(u) such that
|DΨ(u)(v)| ≤ c(u)‖v‖W , ∀ v ∈ W˜ ,
where DΨ(u) is the Gaˆteaux derivative of the functional Ψ at u.
Thus, Ψ can be extended to the wholeW and we denote by∇Ψ(u)
the unique vector representing DΨ(u) in the Riesz isomorphism,
namely
〈∇Ψ(u), v〉W = DΨ(u)(v), ∀ v ∈ W.
(ii) For all r > 0 there exists a constant L(r) > 0 such that
‖∇Ψ(u)−∇Ψ(v)‖W ≤ L(r)‖A
1/2
0 (u− v)‖W ,
for all u, v ∈ Wˆ satisfying ‖A
1/2
0 u‖W ≤ r and ‖A
1/2
0 v‖W ≤ r.
(iii) Ψ(0) = 0,∇Ψ(0) = 0, and there exists an increasing continuous
function h such that, ∀ u ∈ W˜ ,
‖∇Ψ(u)‖W ≤ h(‖A
1/2
0 u‖W )‖A
1/2
0 u‖W
for all u ∈ W˜ .
In this framework, let us consider the following second-order model:
(5.6)


utt + A0u+ CC
∗ut = ∇Ψ(u) +
∑l
i=1 kiDiD
∗
i ut(t− τi(t)),
in (0,∞),
u(0) = u0, ut(0) = u1,
D∗i ut(t) = gi(t) for t ∈ [−τ
∗, 0], i = 1, . . . , l,
with (u0, u1) ∈ W˜ ×W, gi ∈ C([−τ
∗, 0];W ). Here, the functions ki(·),
τi(·), and the constant τ
∗ as defined as before. In order to deal with
the nonlinear model we assume
τi(t) ≥ τ i, i = 1, . . . , l,
and let us set
(5.7) τmin = min { τ i : i = 1, . . . , l }.
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If we denote v := ut and U := (u, v)
T , (5.6) can be recast in the
more abstract form (1.7) where operator A is defined in H := W˜ ×W
by
A :=
(
0 1
−A0 −CC
∗
)
,
while F and Bi for i = 1, . . . , l are defined by
F (U) := (0,∇Ψ(u))T and BiU := (0, DiD
∗
i v)
T .
Under some conditions on the damping operator CC∗ (see, e.g., [2]
or [9, Chapter 5]) we know that A generates an exponentially stable
semigroup. Moreover, the above assumptions on Ψ imply that F (0) = 0
and F satisfies (5.1).
We define the energy functional for the model (5.6) as
E(t) := E(t, u(·)) =
1
2
‖ut‖
2
W +
1
2
‖A
1/2
0 u‖
2
W −Ψ(u)
+
1
2
l∑
i=1
1
1− ci
∫ t
t−τi(t)
|ki(ϕ
−1
i (s))| · ‖D
∗
i ut(s)‖
2
Wi
ds.
We are going to show that the problem (5.6) satisfies the well-posedness
assumption and the exponential decay estimate of Theorem 5.1 for
small initial data under a suitable compatibility condition between the
functions ki and the constant a in (5.5). We need a preliminary lemma.
Lemma 5.2. Assume that ki(t) = k
1
i (t) + k
2
i (t) with k
1
i ∈ L
1([0,+∞))
and k2i ∈ L
∞(0,+∞) for i = 1, . . . , l. Furthermore, assume that
(5.8) ‖k2i ‖∞ ≤
2a
l
·
1− ci
2− ci
, i = 1, . . . , l.
Then, for any solution u of problem (5.6), defined on [0, T ) for some
T > 0, and satisfying E(t) ≥ 1
4
‖ut(t)‖
2 for all t ∈ [0, T ), we have
(5.9) E(t) ≤ C¯E(0) for all t ∈ [0, T )
with
(5.10) C¯ = e
2
∑l
i=1 di
∫
+∞
0
( 1
1−ci
|k1i (ϕ
−1
i (s))|+|k
1
i (s)|) ds.
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Proof. Differentiating, we have
E ′(t) = −‖C∗ut(t)‖
2
W0
+
l∑
i=1
ki(t)〈D
∗
i ut(t), D
∗
i ut(t− τi(t))〉
+
l∑
i=1
|ki(ϕ
−1(t)|
2(1− ci)
‖D∗i ut(t)‖
2
Wi
−
l∑
i=1
|ki(t)|
2(1− ci)
(1− τ ′i(t))‖D
∗
i ut(t− τi(t))‖
2
Wi
.
Recalling (1.4) and using the Cauchy–Schwarz inequality hence we infer
that
E ′(t) ≤ −‖C∗ut(t)‖
2
W0
+
1
2
l∑
i=1
( 1
1− ci
|ki(ϕ
−1(t))|+ |ki(t)|
)
‖D∗i ut(t)‖
2
Wi
≤ −‖C∗ut(t)‖
2
W0 +
1
2
l∑
i=1
( 1
1− ci
|k2i (ϕ
−1(t))|+ |k2i (t)|
)
‖D∗i ut(t)‖
2
Wi
+
1
2
l∑
i=1
( 1
1− ci
|k1i (ϕ
−1(t))|+ |k1i (t)|
)
‖D∗i ut(t)‖
2
Wi
,
and then, using (5.5) and (5.8), that
(5.11) E ′(t) ≤
1
2
l∑
i=1
( 1
1− ci
|k1i (ϕ
−1
i (t)|+ |k
1
i (t)|
)
‖D∗i ut(t)‖
2
Wi
.
From (5.11), recalling (5.4), we obtain
E(t) ≤ E(0) +
1
4
∫ t
0
K(s)‖ut(s)‖
2 ds
with the notation
K(t) := 2
l∑
i=1
di
( 1
1− ci
|k1i (ϕ
−1
i (t))|+ |k
1
i (t)|
)
.
Now Gronwall’s inequality yields
E(t) ≤ E(0)e
∫ t
0
K(s) ds,
proving (5.9) with C¯ defined by (5.10). 
Proposition 5.3. Assume that ki(t) = k
1
i (t) + k
2
i (t), i = 1, . . . , l,
with k1i ∈ L
1([0,+∞)) and k2i ∈ L
∞(0,+∞). Moreover, assume (5.8).
Then, the model (5.6) satisfies the well posedness assumption of The-
orem 5.1.
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Proof. First we restrict ourselves to the time interval [0, τmin] where
τmin is the constant defined in (5.7). In such an interval the model can
be rewritten in the abstract form
(5.12)
{
U ′(t) = AU(t) +
∑l
i=1 ki(t)Gi(t) + F (U(t)) in (0,∞),
U(0) = U0,
where Gi(t) = (0, gi(t − τi(t))), i = 1, . . . , l. Then one can apply the
classical theory of nonlinear semigroup to deduce the existence of a
unique mild solution defined on a maximal interval [0, δ) with δ ≤
τmin. We will show that for suitably small initial data the solution is
global and it satisfies a certain bound. Our argument is inspired by [1]
but here additional difficulties appear due to the fact that, being ki(·)
variable in time, we do not have a decreasing energy. First we observe
that if h
(
‖A
1/2
0 u0‖W
)
< 1
2
, then E(0) > 0. Indeed, we deduce from
the assumption (iii) on Ψ that
(5.13) |Ψ(u)| ≤
∫ 1
0
|〈∇Ψ(su), u〉| ds
≤ ‖A
1/2
0 u‖
2
W
∫ 1
0
h(s‖A
1/2
0 u‖W )s ds ≤
1
2
h(‖A
1/2
0 u‖W )‖A
1/2
0 u‖
2
W
Then we have the estimate
E(0) =
1
2
‖u1‖
2
W +
1
2
‖A
1/2
0 u0‖
2
W −Ψ(u0)
+
1
2
l∑
i=1
1
1− ci
∫ 0
−τi(0)
|ki(ϕ
−1
i (s))| ‖D
∗
i ut(s)‖
2
Wi
ds
≥
1
2
‖u1‖
2
W +
1
4
‖A
1/2
0 u0‖
2
W
1
2
l∑
i=1
1
1− ci
∫ 0
−τi(0)
|ki(ϕ
−1
i (s))| ‖D
∗
i ut(s)‖
2
Wi
ds > 0.
Now we prove that if
(5.14) h
(
‖A
1/2
0 u0‖W
)
<
1
2
and h
(
2C¯1/2E1/2(0)
)
<
1
2
,
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where C¯ is the constant defined in (5.10), then
(5.15) E(t) >
1
4
‖ut(t)‖
2
W +
1
4
‖A
1/2
0 u(t)‖
2
W
+
1
4
l∑
i=1
1
1− ci
∫ t
t−τi(t)
|ki(ϕ
−1
i (s))| ‖D
∗
i ut(s)‖
2
Wi
ds
for all t ∈ [0, δ). Indeed, let r be the supremum of all s ∈ [0, δ) such
that (5.15) holds true for every t ∈ [0, s]. Arguing by contradiction,
suppose thatr < δ. Then by continuity we have
(5.16) E(r) =
1
4
‖ut(r)‖
2
W +
1
4
‖A
1/2
0 u(r)‖
2
W
+
1
4
l∑
i=1
1
1− ci
∫ r
r−τi(r)
|ki(ϕ
−1
i (s))| ‖D
∗
i ut(s)‖
2
Wi
ds.
Therefore we infer from (5.16) and Lemma 5.2 that
h(‖A
1/2
0 u(r)‖W ) ≤ h(2E
1/2(r)) ≤ h(2C¯1/2E1/2(0)) <
1
2
.
Using (5.13) in the definition of E(r), this gives
E(r) =
1
2
‖ut(r)‖
2
W +
1
2
‖A
1/2
0 u(r)‖
2
W −Ψ(u(r))
+
1
2
l∑
i=1
1
1− ci
∫ r
r−τi(r)
|ki(ϕ
−1
i (s))| · ‖D
∗
i ut(s)‖
2
Wi
ds
>
1
4
‖ut(r)‖
2
W +
1
4
‖A
1/2
0 u(r)‖
2
W
+
1
4
l∑
i=1
1
1− ci
∫ r
r−τi(r)
|ki(ϕ
−1
i (s))| · ‖D
∗
i ut(s)‖
2
Wi
ds,
contradicting the maximality of r. This implies r = δ.
Now, let us define
(5.17) ρ :=
1
2C¯1/2
h−1(
1
2
).
We show that (5.14) is satisfied for all u0 ∈ W˜ , u1 ∈ W, gi ∈ C([−τ
∗, 0],Wi),
i = 1, . . . , l, satisfying
‖A
1/2
0 u0‖
2
W +‖u1‖
2
W +
1
2
l∑
i=1
1
1− ci
∫ 0
−τi(0)
|ki(ϕ
−1
i (s))| ‖gi(s)‖
2
Wi
ds < ρ2.
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Indeed, this assumption implies ‖A
1/2
0 u0‖W < ρ and then, observing
that C¯ > 1, we have
h
(
‖A
1/2
0 u0‖W
)
< h(ρ) = h
( 1
2C¯1/2
h−1(
1
2
)
)
<
1
2
.
Moreover, from (5.13) we get the estimate
E(0) ≤
3
4
‖A
1/2
0 u0‖
2
W +
1
2
‖u1‖
2
W
+
1
2
l∑
i=1
1
1− ci
∫ 0
−τi(0)
|ki(ϕ
−1
i (s))| ‖gi(s)‖
2
Wi
ds < ρ2,
and thus, from (5.17) we infer that
h
(
2C¯1/2E1/2(0)
)
< h(2C¯1/2ρ) < h(h−1(1/2)) =
1
2
.
We conclude that (5.14) holds, and that
0 <
1
4
‖ut(t)‖
2
W +
1
4
‖A
1/2
0 u(t)‖
2
W
+
1
4
l∑
i=1
1
1− ci
∫ t
t−τi(t)
|ki(ϕ
−1
i (s))| ‖D
∗
i ut(s)‖
2
Wi
ds
≤ E(t) ≤ C¯E(0) ≤ C¯ρ2, ∀ t ∈ [0, δ].
One can extend the solution of problem (5.12) by considering as initial
datum the solution at time t = δ . Arguing as above, we can extend
the solution to the whole [0, τmin] and the solution satisfies
h
(
‖A
1/2
0 u(τmin)‖W
)
≤ h
(
2E1/2(τmin)
)
≤ h
(
2C¯1/2E1/2(0)
)
<
1
2
,
where we have applied estimate (5.9) on the whole interval [0, τmin].
Once we have the solution U(·) on the interval [0, τmin], then on the
second interval [τmin, 2τmin] one can rewrite again our problem in the
abstract form (5.12) with Gi(t) = (0, DiD
∗
i ut(t − τi(t))) (note that,
for t ∈ [τmin, 2τmin] it results t − τi(t) ≤ τmin). One can repeat the
same argument on every interval of length τmin to get a global solution
satisfying (5.9). 
6. Examples
In the following examples we consider a non-empty bounded domain
Ω in Rn with a boundary Γ of class C2.
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6.1. The wave equation with localized frictional damping. Let
O ⊂ Ω be a nonempty open subset satisfying the geometrical control
property in [2]. For instance, denoting by m the standard multiplier
m(x) = x−x0, x0 ∈ R
n, as in [11], O can be the intersection of Ω with
an open neighborhood of the set
Γ0 = {x ∈ Γ m(x) · ν(x) > 0} .
Denoting by χD the characteristic function of a set D, let us consider
the following system:
(6.1)


utt(x, t)−∆u(x, t) + aχO(x)ut(x, t)
−k(t)χO˜(x)ut(x, t− τ) = 0 in Ω× (0,∞),
u(x, t) = 0 on Γ× (0,∞),
u(x, t− τ) = u0(x, t) in Ω× (0, τ ],
ut(x, t− τ) = u1(x, t) in Ω× (0, τ ],
where a is a positive constant, τ > 0 is the time delay, and the damping
coefficient k belongs to L1loc(0,∞). The set O˜ ⊂ Ω where the delay
feedback is localized can be any measurable subset of Ω.
Setting U = (u, ut)
T , this problem can be rewritten in the form (1.1)
with H = H10(Ω)× L
2(Ω),
A =
(
0 1
∆ χO
)
and B : H → H defined by
B(u, v)T = (0, χO˜v)
T .
It is well-known that A generates a strongly continuous semigroup
which is exponentially stable (see e.g. [17, 9]). Since ‖B‖ ≤ 1, we
have exponential stability result under the assumption
(6.2) Meωτ
∫ t
0
|k(t+ τ)| ds ≤ γ + ω′t for all t ≥ 0
for some ω′ < ω and γ ∈ R, where M and ω denote the positive
constants in the exponential estimate (1.2) for the semigroup generated
by A. This extends to more general delay feedbacks a previous result
of the second author [16].
6.2. The wave equation with memory. Given an arbitrary open
subset O of Ω, we consider the system
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(6.3)


utt(x, t)−∆u(x, t) +
∫∞
0
µ(s)∆u(x, t− s)ds
= k(t)χO(x)ut(x, t− τ)) in Ω× (0,∞),
u(x, t) = 0 on Γ× (0,∞),
u(x, t) = u0(x, t) in Ω× (−∞, 0]
with a constant time delay τ > 0, and a locally absolutely continu-
ous memory kernel µ : [0,∞) → [0,∞), satisfying the following three
conditions:
(i) µ(0) = µ0 > 0;
(ii)
∫∞
0
µ(t)dt = µ˜ < 1;
(iii) µ′(t) ≤ −αµ(t) for some α > 0.
As in [4], we introduce the notation
ηt(x, s) := u(x, t)− u(x, t− s).
Then we can restate (6.3) in the following form:
(6.4)


utt(x, t) = (1− µ˜)∆u(x, t) +
∫∞
0
µ(s)∆ηt(x, s)ds
= k(t)χO(x)ut(x, t− τ)) in Ω× (0,∞)
ηtt(x, s) = −η
t
s(x, s) + ut(x, t) in Ω× (0,∞)× (0,∞),
u(x, t) = 0 on Γ× (0,∞)
ηt(x, s) = 0 in Γ× (0,∞) for t ≥ 0,
u(x, 0) = u0(x) and ut(x, 0) = u1(x) in Ω,
η0(x, s) = η0(x, s) in Ω× (0,∞),
where
(6.5)


u0(x) = u0(x, 0), x ∈ Ω,
u1(x) =
∂u0
∂t
(x, t)|t=0, x ∈ Ω,
η0(x, s) = u0(x, 0)− u0(x,−s), x ∈ Ω, s ∈ (0,∞).
Let us introduce the Hilbert space L2µ((0,∞);H
1
0(Ω)) of H
1
0 -valued
functions on (0,∞), endowed with the inner product
〈ϕ, ψ〉L2µ((0,∞);H10 (Ω)) =
∫
Ω
(∫ ∞
0
µ(s)∇ϕ(x, s)∇ψ(x, s)ds
)
dx,
and then the the Hilbert space
H := H10 (Ω)× L
2(Ω)× L2µ((0,∞);H
1
0(Ω))
20 V. KOMORNIK AND C. PIGNOTTI
equipped with the inner product
〈
uv
w

 ,

u˜v˜
w˜


〉
H
:= (1− µ˜)
∫
Ω
∇u∇u˜dx+
∫
Ω
vv˜dx
+
∫
Ω
∫ ∞
0
µ(s)∇w∇w˜dsdx.
Setting U := (u, ut, η
t)T we may rewrite the problem (6.4)–(6.5) in
the abstract form {
Ut(t) = AU(t) + kBU(t − τ),
U(0) = (u0, u1, η0)
T ,
where the operator A is defined by
A

uv
w

 :=

 v(1− µ˜)∆u+ ∫∞
0
µ(s)∆w(s)ds
−ws + v


with domain
D(A) :=
{
(u, v, η) ∈ H10 (Ω)×H
1
0 (Ω)× L
2
µ((0,∞);H
1
0(Ω)) :
(1− µ˜)u+
∫ ∞
0
µ(s)η(s)ds ∈ H2(Ω) ∩H10 (Ω),
ηs ∈ L
2
µ((0∞);H
1
0(Ω))
}
in the Hilbert space H , and the bounded operator B : H → H is
defined by the formula
B(u, v, ηt)T := (0, χOv, 0)
T .
It is well-known (see e.g. [7]) that the operator A generates an
exponentially stable semigroup. Since ‖B‖ ≤ 1, Theorems 2.1 and 3.1
guarantee the well-posedness and exponential stability of (6.4)–(6.5) if
the condition (6.2) is satisfied for some ω′ < ω and γ ∈ R, where M
and ω denote the positive constants in the exponential estimate (1.2)
for the semigroup generated by A.
6.3. The wave equation with frictional damping and source.
LetO ⊂ Ω be a nonempty open subset satisfying the geometrical control
property in [2] and let O˜ ⊂ O. As an explicit example of (5.12), let us
consider the following system:
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(6.6)


utt(x, t)−∆u(x, t) + aχO(x)ut(x, t)
−k(t)χO˜(x)ut(x, t− τ)
= |u(x, t)|µu(x, t) in Ω× (0,∞),
u(x, t) = 0 on Γ× (0,∞),
u(x, t− τ) = u0(x, t) in Ω× (0, τ ],
ut(x, t− τ) = u1(x, t) in Ω× (0, τ ],
where a is a positive constant, τ > 0 is the time delay, and the damping
coefficient k belongs to L1loc(0,∞). Moreover, we assume k = k
1 + k2
with k1 ∈ L
1([0,+∞)) and k2 ∈ L
∞(0,+∞) satisfying ‖k2‖∞ < a.
Setting U = (u, ut)
T , this problem can be rewritten in the form (1.7)
with H = H10(Ω)× L
2(Ω),
A =
(
0 1
∆ χO
)
and B : H → H defined by
B(u, v)T = (0, χO˜v)
T .
It is well-known that A generates a strongly continuous semigroup
which is exponentially stable (see e.g. [17, 9]). Next, consider the
functional
Ψ(u) :=
1
µ+ 2
∫
Ω
|u(x)|µ+2dx, u ∈ H10(Ω),
which is well-defined, for 0 < µ ≤ 4
n−2
, by Sobolev’s embedding theo-
rem. Note that Ψ is Gaˆteaux differentiable at every u ∈ H10 (Ω) and its
Gaˆteaux derivative is given by
DΨ(u)(v) =
∫
Ω
|u(x)|µu(x)v(x) dx, v ∈ H10 (Ω).
As showed in [1], assuming 0 < µ < 4
n−2
, then Ψ satisfies previous
assumptions (i), (ii), (iii), and then problem (6.6) is included in the
abstract form (5.12). Since the assumptions of Lemma 5.2 are satisfied
then Theorem 5.1 holds for small initial data if (6.2) is satisfied for
some ω′ < ω and γ ∈ R, where M and ω denote the positive constants
in the exponential estimate (1.2) for the semigroup generated by A.
Remark. A large variety of other examples could be considered, e.g., the
wave equation with standard dissipative boundary conditions and in-
ternal delays, plate equations with internal/boundary/viscoelastic dis-
sipative feedbacks and internal delays, elasticity systems with different
kinds of feedbacks.
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